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XVIII.—On the Approximation to the Boots of Cubic Equations by help of
Recurring Chain-Fractions. By EDWARD SANG.
(Read 7th January 1884.)
In the twenty-ninth volume of the Society's Transactions, at page 59, Lord
BROUNCKER'S process for finding the ratio of two quantities (commonly known
as the method of continued fractions) is extended to the comparison of three or
more magnitudes. It is there shown that recurrence, which was believed to
belong exclusively to equations of the second degree, extends to those of higher
orders, and examples of this extension are given in determining the proportions
of the heptagon and enneagon.
In the present paper it is proposed to show the application of this extended
method to equations of the third degree.
If there be a progression of numbers A , B , C , D , E , . . . . formed by
means of the multipliers p, q, r, according to the scheme :—
rA+q~B+pC=~D
and if the number p be greater than either q or r, the terms will approach to
be in continued proportion, and their ultimate ratio will be the positive root of
the equation
a?— px2 — qx—r — 0, (1)
independently of the values assumed for the initial A, B , C. The actual pro-
gression may be regarded as the sum of three series having the initials A, 0, 0;
0, B , 0; and 0, 0, C respectively. On developing the term, we find that the
coefficient of A in the nth term is r times that of C in the preceding or n— 1st
term; while the coefficient of B is compounded of q times the n — 1st, and r
times the n — 2d coefficients of C. Hence we need only to compute the series
beginning with 0 , 0 , 1, in order to have the means of compounding any term
of a progression formed with the same multipliers.
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The successive terms of the elementary progression are easily found to be
[3] = p3 + 2pq +r
[4] = p* +3p2? + 2pr + f
[5] = p5 + 4ps2 + Sp2r + 3pq* + 2qr
[6] = p
[7] = p
+20psqr
and the general form of the wth term of the progression having the initials
A, B , C, is, C being regarded as the zero term,
or
But the elementary progression alone suffices to determine the value of the
ultimate ratio 1 : x.
This process is applicable directly only to equations having suitable coeffi-
cients. In the case of pure equations, those whose qusesitum is the cube root
of some number, the coefficients p and q are both zeroes, and the progression
becomes
0, 0, 1, 0, 0, r, 0, 0, r\ 0, 0, r3, &c,
which contains the truism that the ratio 1: r; r : r*; is triplicate of that of
which we are in search.
In order so to change the form of an equation as to fit it for the application
of this method, we modify LAGKANGE'S process in a manner which may be best
explained by examples.
Let it be proposed to extract the cube root of the number 2.
In the equation
we may write -^ in place of x, so as to give to it the form
in which, if b represent the side of a cube, a stands for the side of the double
cube.
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Here, in order to find the ratio of a to b, we, following BROUNCKER'S plan,
try how often b is contained in a. Clearly it is only once, with something
over. We therefore write a = lb + c, and get, by substitution,
J
10
8
177'
(13)
705 243
496 757'
681
41
32
' 2 620'
(14)
186 518
689 761'
1(
158
125
) 080'
(15)
457 801
768 040
38 781'
&c
an equation easily managed. The ratio of c to b is now obtained from a
progression regulated by the multipliers r — \, q = S, p = 3 ; thus
0, 0 , 1 , 3 , 12, 46 , 177, 681, 2 620, 10 080, &e.;
so that if any one term—say 177—be assumed for c, the succeeding term, 681,
is approximately the corresponding value of b; but a = lb + c, wherefore 858 is
the corresponding value of a. In this way we form the series—
(0) (1) (2) (3) (4) (5) (6) (7) (8) (9)
1
 9. I i 11 _58 2 2 3 8 5 8 3 3 0 1 12 700 44 861
0"' ¥ ' I ' 3 ' 12"' 4
(10) (11) (12)
187 984 723 235 2 782 518
149 203 ' 571 032 ' 2 208 4S6'
approaching very rapidly to the cube root of 2.
Among these Ave notice that each member of the terms (3), (6), (9), (12),
(15) is divisible by 3. On simplification, these terms, with the prefixes
—-, jr, form a series progressing according to the scheme r = l, q=—3
p = 57; thus
(0) (1) (2) (3) (4) (5)
+ 1 0 5 286 16 287 927 506 52 819 267
^ 1 ' 0 ' 4 ' 227' 12 927' 736 162' 41922 680'
converging still more rapidly to the required root. The term (2) is true to
within the accuracy of five-place logarithms, the defect being -000 0032. The
next term (3) passes beyond the exactitude of seven-place tables, its loga-
rithm being in excess by -00000 00157. The excess in the case of (4) is
•00000 00000 31409, which could not be detected with the ten-place tables ;
while (5) gives a defect of -00000 00000 00053, as tested by my manuscript
tables to fifteen places. The errors are two in defect, two in excess, and so on.
The roots of numbers immediately above or below a cube are very readily
found. Thus for the cube root of 9 the equation becomes a? — 9b3 = 0; whence
a = 2b + c, and
b*-12b2c-6bc2+l(?=0.
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Hence for a progression converging to the ratio b : c we have the multi-
pliers r=l, q=6, p = 12, giving the series
0, 0, 1, 12, 150, 1 873 , 23 388 , &c.;
and hence, converging to the ratio of a : b, we have the progression
(0) (1) (2) (3) (4) (5) (6) (7) (8)
1 0 2 25 312 3 896 48 649 607 476 7 855 502 94 719 529
0' 0' 1 ' 12' 150' 1873' 23 388' 292 044' 3 646 729' 45 536 400'
(9) (10) (11) (12)
1182 754 836 14 768 960 708 184 418 777 041 2 302 821 843 576
568 609 218' 7100175 745' 88 659 300 648' 1107 081271464 , &c.
Here the terms (3), (6), (9), (12) are reducible by the common divisor 6,
and form the progression
(0) (1) (2) (3) (4)
•2 0 52 101246 197125 806 383 803 640 596
-1' 0 ' 25' 48 674' 94 768 203' 184 513 545 244'
which proceeds according to the multipliers r = 1, q — — 3 , p — 1947 .
This convergence is so rapid that the error of the term (2) cannot be
detected by help of the ten-place logarithms; that of (3) is beyond the
precision of the fifteen-place tables.
In the case of the number 7, which is less by unit than the cube of 2, the
convergence is somewhat slower. For the equation
«
3
-763=0
it is convenient to take the first measure in excess, and to write a = 26—c,
which gives
so that the progression, by help of the multipliers r = 1, q = — 6,
becomes
(0) (1) (2) (3) (4) (5) (6) (7)
- 1 0 2 23 264 3 032 34 823 399 948 4 593 470
0 ' 0' 1' 12' 138' 1585' ' 209 076' 2 401273'
(8) (9) (10) (11) (12)
52 756 775 605 920 428 6 959 097 956 79 926 409 679 917 968 248 840
27 579 024 ' 316 749 726' 3 637 923 841' 41 782 166 760' 479 875 207 800 , &c,
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of which the terms (3), (6), (9), (12) give, on being simplified, the pro-
gression
(0) (1) (2) (3) (4)
- 2 0 44 66 658 100 986 738 152 994 708140
T ' 0' 23' 34846' 52 791621' 79 979 201300'
for which the multipliers are r = 1, q= — 3 , and p —1515.
In order to get a clear view of the general principles here involved, we
shall propose to extract the cube root of ns +1.
The equation a3—(ns + l)b3 = 0, gives, for the first approximation, a= nb + c,
whence
b3-3n2¥c-3nbc2-<?=0,
so that the multipliers are r=\ , q=Sn, p = 3n2, which give, converging to the
ratio of b : c, the progression
0, 0, 1, 3n2, 9w4 + 3n, 21n6 + 18n3 + l, &c,
and consequently, converging to s/(n3 + l), the series of fractions
(0) (1) (2) !(3) (4)
1 0 n_
~ 0 ' ~Q' T '
(5) (6)
+ 1 243w"+405ra8+189m5
729w12
2187w15+510;
2 187^4+4
6 561«,17+17 496w14
6 561w6+15 309*
+ 1215«»+594»(
(8)
W + 4 050w9+l
374»in + 2 835w8-
(9)
+ 16 767wn+6 8!
i,13+12 393w10+4
'+81»»+1
242w8+117n3+l
f648w.6+36?i2 '
35w8+1107w6+45w2
050W7+459TO4+9W
Here we observe that the numerators of the terms (3), (6), (9) are divisible
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by 3n2, the denominators by 3n, and hence, for the value of — there
comes out the progression
±1 JL
0 ' 3ra3 + 1 ' 81»9 + 108?i6 + 36n3 + 2 '
589w9+2
the multipliers for which are
r=l, g=-3, p=
and similarly we find for -^-^— , the multipliers to be
r=l, q--3,
with the initial terms
+ 1 0 ' 3ns-l'
these results agreeing with what has been found in the cases of 9 and of 7.
It may also be observed that each third term of these second series is
reducible by 3, and that they form a progression converging still more rapidly.
When the proposed number differs from a complete cube by more than
unit the extraction of the root is more complicated. As an example, we shall
take the number 3.
In the equation as — Sb3 = 0, on putting a=lb + c we get
1 3 3
= y , ?= 2", P = Y
or
whence the multipliers
or, more conveniently
4 6 3
r
~ - 8 > 1 = T > v = -2>
from which the progression
n n A y> *1 ?2L \H1. 6 1 " 28035 JL.
' ' ' 2 ' 4 ' 8 ' 16 ' 32 ' 64 ' 128 ' '
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the numerators being got from the multipliers 4, 6, 3, while the denominators are
powers of 2. From this, since a = b + c, we have the approximations to y/3
(0) (1) (2) (3) (4) (5) (6) (7) (8) (9)
0 1
 1 ?! ^1 i?I 1977 8 941 40 433 182 853
IP T ' ~3' 15' 67' 303' 1371' 6199' 28~035' 126 783 '
(10) (11) (12)
, &C.573 355 2 592 903 ' 11 725 971
Here, as in the preceding cases, each third' term may be simplified, the pro-
gression being
_0_ _7_ 659 60 951 5 637 259
0 ' 5 ' 457 ' 42 261' 3 908 657 '
for which the multipliers are r=64, q= — 48, p = 98.
Here the approximation is comparatively slow, the less accurate terms being
largely combined with the more accurate ones.
To carry BROUNCKER'S process one step farther, let us try how often b con-
tains c; for b = lc, the above equation gives +5c3 instead of zero; for 6 = 2c,
the result is + 3c3 ; but for b = 3c, we get - 17c3, wherefore b contains c twice
with something over; we therefore write b — 2c + d. The substitution gives
+ 3c3 - 2cU - 9cd2 - 2d3 = 0,
or
The multipliers hence resulting are
giving the progression for d : c
0, 0, 1, 3, 12, 45- | , 175, 670, 2 565-J-, &c,
but a — 3c + d, b = 2c + d, wherefore the ratio of a: b is given by the pro-
gression
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(0) (1) (2) (3) (4) (5) (6) (7)
0^  3 10 39 149 570| 2 185 8 366^
-Q, -j,
 7 , 27 ' 103£ ' 395f' 1 515 ' 5 800f'
(8) (9) (10) (11) (12)
32 034f 122 659 469 657| 1 798 306f f 6 885 667f
22 211f ' 85 047 ' 325 622|f' 1 246 806^ ' 4 774 255 ' '
converging much more rapidly.
LAGRANGE'S application of BROUNCKER'S method may be still farther con-
tinued, as in the following scheme :—
0 = a 3 - 0 a 2 b - O a b 2 - 3 b 3 ; a = l b + c ;
0=— 253+ 362c+ 3bc2+ l c 3 ; b=2c+d;
0 = + 3c3— 9c2d- 9cd2- 2d3; c =3d + e ;
0= +10e3-33e2/-69«/2-29/3; e =4f+g ;
&o. &c.
until we arrive at some equation promising greater facility or greater rapidity.
The last of the above gives
r = 2 . 9 ; # = 6 .9 ; p = 3 . 3 ;
with the condition a = 13^ +10/ ; b — 9e + 7/.
For the cube root of the next number, 4, we have
a?- Oa2b- 0ab2-4i3 = 0 , a =
- 3&3+ 362e+ 35c2 + lc3 = 0 ; b=lc+d;
+ 4c 3 - 0c2d- 6cd2-"3ds=0 ; c=l^+e;
- 5d3+ 6d2e+ 12de2+ 4es =0 ; d = 2e+f;
+ 12 e 3 - 24c2/- 24c/2- 5/3 = 0 ; e
- 53/3+ 24/2^+ 48/^ + 12^3 = 0 ; /
0 ; g=3h+i ;
0 ; h=2i+k;
&c. &c.
The equation in g and / p u t in the form
gives the multiplications f = ^ ,, # = 2 , ^ = 2 , and these, along with the con-
ditions
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produce the progression
8_ 19 54
5 ' 12 ' 34 '
149-*g 1150^
2 6 1 ^ ' 724§
converging rapidly to the value of
For the cube root of 5 the equations are
a
3
- 0a?b-
3&c2+lc3 = 0
+ 3 c 3 - 3c2d- 9cd?-4d3 = 0
-lOcP-f- Wd2e+ 15&2+ 3e3=0
+ 13c3 - 45c 2 / - 45c/2-10/3 = 0
a=lb +c ;
b=lc+d;
c =
e =
&c. &c.
The equation in d and e gives the multipliers
r = .S; 2=1.5; p=1.5;
while a=5d+2e; b = 3d+le ; ~hence for 2/5, we have the progression
9.5 21.75 48.375 108.0375 241.14375 538.284375 „
- , &c.3 ' 5 . 5 ' 12 .75 ' 28 .275 ' 63.1875' 141.01875' 314.791875
Here the error is reduced about 5 times at each successive step.
The equation in e and f gives
r==-
1690
133 '
585 45
while a = 12e + 5f; b = 7e + 3f.
The progression thence resulting is
12 605 34 245 1 915 230 107 241 125
7 ' 354 ' 20 025 ' 1120 045 ' 62 714 910
converging more rapidly than the former.
, &c,
From these instances it is clear that the cube root of any number, or the
root of any cubic equation with integer coefficients, may be represented by a
series of chain-fractions of the third order; and not by one only, but by many
of such series. Since the successive steps of the Brounckerian process neces-
sarily depends on the peculiarities of the case, it would be difficult to make a
general analysis beyond the first step; but a symbolical investigation that far
may lead to important results.
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Let us take the general case of a number exceeding a perfect cube by, say,
a; that is a number of the form n3 + a. We have here a = nb + c, and the
equation
a
3
-(ns +
 a)b3=0
becomes
which gives the multipliers
or more conveniently
1 3n 3n2
= — ; q= ; p = — ;
a a a
a
2
 . _3an . _3rfi .
a6 a? a
from which we have the elementary progression
n n . 3n2 9%4 + 3aM 2W+18an + a „ n
U , V , ± , , x , 3 , <KC,
a az
and thence the progression of fractions
.0 0 ' 3n2 ' 9nl + 3an ' 27n6 + 18an3 + a2 '
following exactly the law of those already found Vhen the excess a is unit; the
multipliers being a2, 3an, Sn2.
By a proceeding exactly analogous to that formerly used, we find that the
convergence to the cube root of the ratio ns — a : ns, is obtained from a progres-
sion of which the multipliers are
r = a
6; q=-3ai; p =
the initials being
+ «- 0 .
- a " 3 ' 0 '
This formula may be generalised by substituting for if any number K. Then
- -J~a is obtained with the multipliers
a6; - 3 a 4 ;
from the initial terms
+ q-3. 0. 3K + 2q
- a "
3
' 0 '
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3 / T
And again, if we write K + a = L or a=L—K, A / ^ results, with the
multipliers,
(L-K)«; 3(L-K>; 3L2 + 21KL + 3K2;
from the initials
+ (L-K-3 . 0 K+2L. 2K3 + 30K2L + 42KL2+7L3
-(L-K-3 ' 0' 2K+L'' 7K3+42K2L+30KL2 + 2L3"
These inquiries have been confined to the components of two terms
only of the elementary progression, whereas in chain-fractions of the third
order three terms are admissible. For the purpose then of giving the utmost
generality to our research we shall suppose the three initial terms of a progres-
sion to be
A B C
« ' / 3 ' y '
the multipliers being, as before, r, q, p. Then, according to what has been
already shown, the wth subsequent terms is
[n+2]r/3+[n-l]{ra
If then x be the asymptote of the elementary progression, while S is that of
the series of fractions, we must have
and we wish now to express S directly in terms of the nine data, A, B, C; a,
ft, y', P, q, r. For this purpose we must eliminate x from the two equations
(1) and (2).
Equation (2) may be written in. the form
(O-yS)a? + {r(A-aS) + 2(B-j8S)}a!+r(B-j8S) = 0 (2)
from which and
a?— px2—qx—r=0 , . . . . (1)
we have to eliminate x. The elimination gives
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+ B[2qra2+(2pr + 2q2)ap + (pq - 3r)ay + (3pq + 3?')/32 + (2f - 2q)/3y -
+ S{a [3r2A2 + 4qrAB + 2prAC + (q2 +pr)W + (pq - 3r)BC -
+ &[2qrA? + (2pr+2q2)AB + (pq- 3r) AC + (3pq + 3r)B2 + (2p2 - 2q)BG - 2pG2]
- S°{r2A3 + 2qrA2B +prA2C + (pr+22)AB2 + (pj - 3r)ABC - 9AC2+(pq+r)B« +
0 (3)
Thus it appears that, while the root of every cubic equation may be reached
by help of a recurring chain-fraction of the third order, every such fraction has
for its asymptote the root of a cubic. The above equation (3) gives us directly
the form of the cubic when the initials and the scheme of progression are
known; and, inversely, it contains the means for discovering the progression
suiting a proposed cubic. Thus for such an equation as
GS3-HS2+KS-L=0,
we must equate the above coefficients to G, H , K , L respectively. Here,
among the nine unknowns, p, q, r; A , B, C; a, /3, y, we have only four
conditions, so that we are at liberty to make five arbitrary assumptions. Now
of the six, A, B , C; a, ft, y, the third power of each occurs; hence the
ultimate equation must contain at least one cube. Thus we are again thrown
back on the solution of a cubic; but in this case we know that it is always
possible so to make the assumptions as that the root may be integer, provided
the coefficients of the given equation be so.
The preceding very involved expressions may be replaced by others con-
siderably simpler. The nth. term of the progression may be written
d[n] + e[n-l]+F[n-2] '
where D takes the place of r B , E that of (rA + §B), and F that of C; and
similarly for the denominator. The asymptote then is
. . . . - , - dx2-\-ex+f-
whence
eS)x-(F-f)x=0.
J
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The elimination now gives
- qrd2e + (q2 - 2pr)d2f+prde2 - (pq+3r)def+ (p2 + 2q)d/2+reB - qe2f+pef2 + / 3 }
- qr(2T>de + Ei2) + (q2 - 2pr)(2Ddf+ Fd2) +pr(De2 + 2F.de) - (pq + 3r)
e) •+ (p2 + 2q)(Df2 + 2Fdf) + 3rEe2 - q(2Eef+ Fe2) +p(E/2 + 2Fe/)
+ 3F/2}
- qr(V2e + 2DEd) + (q2 - 2pr)(D2f+ 2DFd) +pr(2DEe + EM) -(pq + 3r)
(DE/+DFe + EFd) + (p2 + 2q)(2DFf+ FU) + 3rE2e - q{F?f+ 2EFe) +p
(2EF/+F2e)
S°{r3D3 - qrV2F. + (q2 - 2pr)D2F +prDW - {pq + 3r)DEF + (p2 + 22)DF2 + rE3 -
0 (4)
It may be interesting to apply this method to some problems in geometry ;
and we may take the construction of the heptagon as a first example.
The ratio of the diagonal to the side of a regular pentagon is given by the
well-known series 0, 1, 1 , 1, 2, 3 , 5, 8, 13, 21, &c, in which each term
is the sum of the two preceding, this being a progression of the second order
having the multipliers q — 1, p = 1.
The relation between the long diagonal, a, and the side, b, of a heptagon
is easily shown to be
which gives at once the multipliers r=\, q=+l, p — 2, whence the pro-
gression
0 , 0 , 1, 2 , 5 , 11 , 25 , 56 , 126 , 283 , 636 , &c.,
each new term being the double of the last found together with the difference
between the preceding terms. The convergence here is slow; to make it more
rapid we may write a = 2b + c, and so get the equation
- bs+Sb2c+46c2 + c3 = 0 .
This gives the multipliers r = \ , q = 4t, p = 3; whence the progression
1 0 2 7 29 117 474 „
0 ' 0' 1' 3' 1 3 ' "52"' 211' '
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and a still more rapid convergence is obtained by putting h =
find
we then
while
a = 9c + 2d, b=4:C+ld.
Here r=l, q = 9, p = 20, and the rapidly converging series is
2 0 9 182 3 721 76 067 185 8051 ' 0 ' 81 ' 1656' 33 853' 82 691 , &c.
Enneagon.
If we contract an isosceles triangle, having each angle at the base quadruple
of the angle at the vertex, and if we lay off along the side two parts, each equal
to the base, and from the vertex one part, the three measures overlap by a
distance easily shown to be the fourth term of a continued proportion, of which
the side and the base are the first and second terms.
Hence, if a be the long diagonal of an enneagon, and b the side,
a2 : ¥• ::b : 3l-a,
or
This equation gives at once a series having r= — 1, q=Q,
multipliers, viz.—
= 3 for the
0, 0, 1, 3 , 9, 26, 75, 216, 622, 1791, 5157, &c,
which converges pretty rapidly to the ratio of the base to
the long diagonal. Here, from thrice the term last found,
we subtract the ante-penult, in order to get a new term;
that is, from thrice AB we subtract PN to obtain AF.
From thrice AF we should subtract KB to get the
long diagonal of an enneagon having FA for its side,
and so on, the distances PN, KB, BA, AF being in
continued proportion.
The figures FMNP and FABK are evidently similar;
so if in the continued direction FB we measure from K,
twice FB, to M', we shall obtain an enlarged edition of the
figure FMNP.
The convergence becomes more rapid if we put a = 36
— (', so as to get the equation
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The multipliers r=l, q= —Q , p — 9 thus found give the progression
_ L 0 3 26 216 1791 14J49 „
0 ' 0 ' 1 ' 9 ' 75 ' 622 ' 5157 ' '
which contains each alternate term of the preceding.
The construction of a regular polygon of eleven sides involves an equation
of the fifth order, and would introduce chain-fractions also of that order. The
extension of the present method to that case offers no difficulty, but would
pass beyond the scope of this paper.
In the preceding examples we have several times examined the progression
formed by each third term of the series; and in the last example we have
noticed the progression of the alternate terms. This brings us to the general
law, that the terms taken at equal intervals along a series of recurring chain-
fractions form a series of the same kind. Thus [0], [2], [4], [6], &c, are
connected by the law
[»-4]{r*} X [n-2]{2pr-q*]+[n\{p* + 2g} = [«-2],
the multipliers being
E = r2, Q = 2pr-q2, F=
And, similarly each third term forms a progression according to the law
[n—6]{r3} +[n-3]{g3-3pqr-3r2} -[n]{p* + 3pq + 3?-} = [n + 3] ,
where
In the same way, for the terms four steps apart, we have
E=-r4; Q=-
P -
This law of recurrence extends to chain-fractions of all orders, and even to
periodic continued fractions. Thus, in seeking the square root of 7 by the usual
process, we get the successive quotients 2; 1, 1, 1, 4 ; 1, 1, 1, 4; &c,
occurring in groups of four, and giving the converging fractions,
2 1 1 1 4 4 1 1 1 4 1 1 1
1_ 2 3 5_ 8_. 37_ 4 5 - 8 2 1 2 7 . 590 717 1 3 0 7 2 024 „
0 ' 1 ' 1 ' 2 ' 3 ' 1 4 ' 1 7 ' 3 1 ' 4 8 ' 2 2 3 ' 2 7 1 ' 4 9 4 ' 7 6 5 '
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If we select here the last term of each group as ^ , ^, —^, - ^^ , &c, or the
\J O rto I DO
2 °7 590first term as y, ~, KKO > &c-> w e form a progression with the multipliers q — 1,
jr?=16. Similarly, for the square root of 20, we get the quotients 4; 2, 8;
2 , 8 ; &c, occurring in groups of two, the successive approximations being
4 2 8 2 8 2
1 4 9 76 161 1364 2 889
 s . , . , ., . 1 9 161 2 889 p
0 ; T' 2 ; 17' W ; "305 ' -gie"' &c., m which the terms ^ , ^
 B - , - g ^ , &c,
progress with the multipliers q= — 1, J9=18.
This circumstance greatly facilitates our investigations in quadratics; thus
if the indeterminate equation
were proposed, we have at once the solution by seeking ,J7, and taking the
last term of each group; thus
x= 8 ,2/= 3 ,
x= 127, y= 48,
z=2024, j/=1765 , and so on.
are the solutions.
When the group of quotients consists of two terms a, 6, the order of
recurrence is given by q——l , p — a8 + 2.
For a period with the three quotients a, /8, y, we have q = + 1, p =
 a/3y
For one with the four, a, /3, y, S, we have q= — 1 , p = afiyS + (a + y)
The subject, however, is too extensive to be treated as an appendix to the
present paper.
